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Abstract

In the present paper we have defined pseudo-differential type opera-
tors A(z, D), B(y, D) in terms of two symbols. Further the multiplication
of these two operators aldo defined. It is also shown that the pseudo-
differential type opeartor and multiplication of pseudo-differential type
operators are bounded in certain Sobolev type space associated with the
Hankel type transform. Finally some special cases are studied.

1 Introduction

The Hankel type transform of ¢ € L'(I),I = (0, 0) is defined by

(Ho ) (2) = / S wy) P T pay)elyytdy e e T (L)

where J,_g denotes the Bessel type function of the first kind and order (o — f3).
Througtout this paper we assume that (o — §) > —1/2. We note that if ¢ is a
Lebegue measurable function on I and

/OO 2| ¢(z)|dx < oo, (1.2)

0

then as the function t—(@=#) J, _ 5(t) is bounded on I, the Hankel type transfor-
mation H, g(¢) is bounded on I. The inverse formula for (1.1) is given by

o) = [ N / @)@ s (y) (Hapd) ()™ dmy € T (13)
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Following Zemanian [10], we introduce the space H*# as the space of all those
complex valued and smooth functions ¢ defined on I such that for every m,n €
No

pin(@) = Suprer (140%)" | (271 D)" o) <00 (14)
On H*P, the topology generated by the family { p‘f‘n’ﬁl}m €N, of seminorms.

Then H*#? is a Frechet space and Hankel type transformation ha,p defined by

(ha ) () = / @) P s (o) by, x € 1 (1)

We have following lemma:

Lemma 1 The two forms H, g and ho g of Hankel type transforms are related
through

(Hap¢) (x) = x2ﬂ71ho¢,,8 (y2a¢) (x),z el (1.6)
Proof 1 By (1.1), we have

(Ho,po) (z) = /ooo(xy)(aﬁ)Jaﬁ(wyW(y)ywdy,x el
- /ooo(xy)“+6 Ja—p(zy)d(y)z®’ 1y dy

= [ ) g a)otw) (5770) )i
— xzﬂilho“ﬁ (y2a¢) (l‘)
Thus lemma is proved.

Now for 1 < p < oo, we define the space L, as the space of all those measueable
functions ¢ on I such that

loll.,, = | [ ot aoto) R (L7)

By Ly we represent the space of essentially (with respect to the measure
r4*dx or equivalently with respect to Lebesgue measure) bounded functions on
I. The usual norm in L, o is denoted by || ||,

If f € Ly, for some 1 < p < oo then f defines an element of H*# through

() = / " H@)d()atde, ¢ € HOP (1.8)

Following Hirschman [5] and haimo [4], we define the hankel type convolution
on Ly, by

(f#9) (z) = / " 1) (ra9) ()do(y), (1.9)
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where the Hankel type translation operator 7., x € I is defined through

(r29) () = / " 4(2) D (2,9, 2)do (2) (1.10)

provided the above intgral exists, where

Dag(x,y,2) = 27T (3a + 5)]2 /Ooo(wt)(aﬂ)Ja—/B(ﬂUt)(yt)(aﬁ)Ja—ﬁ(yt)

(2t) = @A) I g(2t)t e dt

(1.11)
Ja_p(x) =2°7PT(Ba + Bz~ @A J,_s(z) (1.12)
x4o¢
do(x) = mdm (1.13)
The following interchange formula holds,
Ho s (f#9) = Hap(f)Ha,5(9) (1.14)

and

(f#g) #h(x) = f# (9#h) . f,9,h € Loy
If fe L,1,9 € Ly, then the integral defining f#g(x) converges for all x and

I#all,, <Ifll., gl (1.15)

From [9] we have,

(Ha,p,a9) (x) —/Ooo(xl/)(“ﬁ)Ja—ﬁ(Iy)a(I,y)ym (Ha,59) (y)dy  (1.16)
where

(Ha,p¢) (2) = /Ow(xy)_(a_B)Jaﬂ(wy)ﬁb(y)y“ady» (a=p)=-1/2  (1.17)

According to Rodino [6] the symbol a(x,y) is defined to be the complex
valued infinitely differentiable function on I x I which satisfies

(271 02)" (57" Dy)" alw, )| < CHHPHLalbl(1 4 )b (1.18)

for all a,b € Ny, where C is a constant and p,d are real numbers such that
0 < <p<1andmis a fixed real number. The class of such symbols are
denoted by H(m).

Following [1], we define the the Bessel type operator as:

Ag s =2 2Dz'D (1.19)
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The Bessel type operator A, g can also be written as
Ay = dagtetP=3p 4 gilath—2p2 (1.20)

From [1], for 1 < p < oo, we say that a measurable function f € I is in H, g,
if for every k € Ng, A’;ﬁf € Lo g,p such that

(AG51.9) :/O (A4.50) (2)f(z)z**de, ¢ € H*P (1.21)

and if f € Hy g, with 1 < p <2 then from [[11] lemma 5.4] we have

k

Hap (AL 5f) = (—¥°)" Has(f) (1.22)

and from [9] we have

r

k
(7' D.)" (@) = S kCr (a7 D) ¢ (¢ D,) "y (1.23)
r=0

We require following definition:

Definition 1 (Sobolev type space) The space G2 5 (I),s € R,(a— ) € R

a,B8,p
isn defined to be the set of all those elements ¢ € H{X”B which satisfy
16llgs , = [(L+7")"Hapdl|, 1<p<oo (1.24)

2 Pseudo-differential type operator A(x, D)

Definition 2 We define the pseudo-differential type operator A(x, D) as

Az, D)p(x) = /Ooo(xt)_(“_ﬂ)Jaﬁ(xt)a(l“»t) (Hap9) (t)t*dt (2.1)

where ¢ € HYA(I),I = (0,00), (o — B) > —1/2 and

a(z,t) = /Ooo(m)Wﬁ)Ja_B(xA)b(A, H) AN (2.2)

with the condition that for all N € I, t € I,
b(A, )] < k(A) € Lo,1(1) (2.3)

Theorem 1 Let (o — 8) > —1/2 then

4@ D)@y, <Nz, , lollas 6 € HH (D)
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Proof 2 From (2.1) and (2.2), we have

Az, D)¢p(x) = /Ooo(mt)—(a—mjaﬁ(xt) (/Ooo(m)—(a—ﬁuaﬁ(x/\)b(A,t)A‘*adA)
X (Ha,p9) (1)t"dt

Therefore

(Hos (A2 D) 8(2)] ()= [ " (2a) ) o _p(z) A, D)(x)a " da

N / : / i / ()@ g ) ()@ o (at)
o Jo 0
X (@) S5 (NN E) (Hay50) (8)(2A) “dtdAde
/ / b, )N (Hy 50) (t )t4°‘/ (zz)~ @B J,_s(z2x)
B Jo_plat)(2X) " T, g (2Nt dadtd
Now using inequality (1.11), the last expression can be written as
o 1 > > 4o 4o
Has (A DY) () = ey [ [ 00,0X ) 01
X Dg g(t, A, 2)dtd\
/ / b(\,t) (Ha @) (t)Da,g(t, A, 2)do(t)do(N).

Now using inequality (2.3), we obtain

[Ho s (A2, D)) 6(2)] ()] < k() ( / " \(Haw 56) (5] Do (8, z)da(t)dam)

< k() (7= (Ha,p9)) (N)do ()
In view of [11] and [4], we have

[Ho,p (A(z, D)) d(2)] (2)] < (k# |Ha,p0]) (2)-

Thus

/OOO [Ha,p (A(z, D)) ¢(2)] (2)] do(z) < /O (k# |(Ha,p0) (t)]) (2)do(2).
or
|Has (A(z, D)) o(@)ll,,, , < [Ik# [(Ha,s0) D] I, ,
Using the inequality (1.15), we have
|Ha g (A(z, D)) ¢(2)ll
Now applying definition (1.1) we obtain
1A, DY@ las | < Ikl l6llas , 6. H (1)

<[k, [1HapollL, ,

o,1 —

The proof is completed.
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3 Pseudo-differential type operator B(y, D)

Definition 3 We define the pseudo-differential type operator B(y, D) as

By Dyo(w) = [ " 49)" O S p(ys)ely, ) (Haup6) (8)5ds, & € HP(1)

(3.1)
where -
e(y,s) = / (y5) ) T s (yb) £ (b, )b db (3.2)
0
with the condition that for allb,s € I and (o — ) > —1/2,
F(b, )| < 1(8) € Lo (D) (3.3)

Theorem 2 Let (o — 8) > —1/2, then
1By D)llgs < kIl 9llay , +& € H*P(1)

Proof 3 Proceeding as in the proof of theorem 1 we find that

[Ha.p (B(y, D)) 6(y)] (2) =

/Om(zy)‘(“‘mJaﬁ(yZ) [B(y, D)o(y)] y*“dy

= [ Pty [ )t
0 0
x e(y,s) (Ha,po) (s)s**dsy**dy
= / / (29) @D o s(y2) (y5)~ @D s (y5)
x /0 Oo(yb)’(“’ﬁ)Ja_ 5(yb) £ (b, 5)b*db (Hp 5) (5)s**dsy**dy
N ooo /O°° /OOO(Z?J)(“mJa—/s(yZ)(yS)(aﬁ)Ja—ﬁ(yS)

x (yb) ™ o p(yb) £ (b, 5) (ybs) "™ (Ha,5) (5)dbdsdy

Now by using (1.7),(1.10),(1.11) and (3.3) we get

[Ha.p (B(y, D) 6(y)] (2)] < (1# [Ha,p9l) (2) (3.4)

From which the assertion follows. Thus proof is completed.
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4 Multiplication of Pseudo-differential type op-
erators

Definition 4 The multiplication of two pseudo-differential type operators A(x, D)
and B(y, D) associated with symbols a(x,t) and b(y, s) respectively is defined by

A(z, D)B(y, D)¢(z) = /Ooo(wt)(aﬂ)Ja—ﬁ(ﬂct)a(ﬂf’t)H&,ﬁ (B(y, D)) (t)t**dt
(4.1)

From (2.2),(3.1) and (3.2), we have
Az, D)B(y, D) = /O Tty ~@P g, () /0 TN (@A, HAI A
x / (1)@ o (t) Bly, D)oy dytt
/ / / (xt) =B g, p(at)t (@) A T, s (zA)b(N, )N
x (ty)~(~ Jafa(ty)/o (ys)~ " Ja_p(ys)e(y, s) (Ha,56) (5)

x s4%dsé(y)y**dyddt

- [ / / ()~ T () (oN) @ ()
< b ) ()~ () ()~ T ()
x / <sb>*<a*ﬂwa_ﬂ<sb>f<b, 4 db (Ha56) (5)
x (yAts)19o(y)dydrdtds

9(

:/OOO OOC /OOO /Ooo /Ooo(xt)_(“_ﬂ)Ja5(:Ut)(:v)\)(“_’6)Jag(:v)\)
-8)J,
s)

< (ty)™ P Ja s ty) (ys) P Ja s (ys) (B) ) T s (sb)
X BN 1) (b, ) (Ha,56) () (y\tsh) ' ¢(y)dydAdtdsdb

provided multiple integral exists.

Theorem 3 Let (o — 8) > —1/2 then

1Az, D)B(z, D)o(@)llgs | < Kl , I9lla (42)
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Proof 4 From definition (4.1) and (2.2), we have

Az, D)B(z, D)) = / " (@t) D) g y(at)ale, 1) Ho s (Bly, D)) (1)1 dt

= [T st [N ey

0 0
x b\, )A**d\H, 5 (B(y, D)o) (t)t**dt

Therefore
Ha g (A(z, D)B(z, D)¢(x)) (2)
= | @) @) (4G D) B Do)
x z2%dx
= /m(mz)—(a—ﬁ)Jafﬁ(m) /oo(xt)—(a—ﬁ)
0 0
X Jo—p(xt)a(z, t)HM (B(y, D)¢(x)) t**dtz**dx

/ / 22) @B g g(x2) (xt) O T, _p(at)
X / (zA) =B T, s (zA)bN, )N YANH,, 5
0
(z)) (xt)**dtda

/// b\, £) o5 (B(y, D)o(x))

x (22)" D Jog(@z) (wt) =D Jo_g(t)
x (2 X) T @B gL s (aN) (zth)* dAdtda

Now using (1.11) and (1.18), we have

1 o0 o0 o
S GG TRy ) PO s (B0 DY) Dz, )0 i

= /OO /OO b(\, 1) Hag (B(y, D)$(x)) Da (2, t, A)(AL)*“dor(t)do (N)
0 0

By using inequalities (2.3) and (8.4) we have

Heos (A(z, D)B(z, D)é(x)) (2) < / h / ROV (14 | Ha59]) (6) Dav g (2 £, Ndor(£)dor(A)

Now by applying equations (1.11) and (1.10) we have
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Hos (Ale. D)B(. D)ot () < [ T RO (1 | Hapol) Ndo(n)  (43)

Hence

< kit (I3 [Ha,p9) (2) (4.4)

/OOO Heo 3 (A(z, D)B(x, D)§(x)) (2)do(z) < /OOO k# (1# [Ha p9l) (2)do(2)

So that

<|Ikllz,, [I# [Ha polll,, |

Ha,p (A(z, D)B(z, D)), <KL, , [, 1Hap?llL,

Using theorem 1 we have

H(A(LD)B(I,D)HG&M < \|l||LU,1 \|<25||Ggﬂ,1

Thus proof is completed.

5 Some Special Cases

In this section, we study some special cases as following theorems

Theorem 4 (i) Let

B(A, 1) = by (\)ba(£) (5.1)
then
1A(z, D)o(@)llqo < Mbully, , 1b2Hapoll,,
and
Az, D)¢(z) = (Ha,pb1) (v) (Ha,pb2Ha p¢) (x)
(ii) Let
f(b,s) = fi(b)f2(s) (5.2)
then
1B(y, D)oWllgo , , < IlAllr,, [f2Hapdll,,
and
B(y, D)p(x) = (Ha,pf1) (y) (HapfoHa,p8) (y)
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Proof 5 here we prove (ii). (i) can be proved similarly. From (3.1), (3.2) and
(5.2), we have

Bly. D)é(y) = / s s (ys) / " b)) T (yb) 1 (b) fal )4 b

(5.3)

x Hy po(s)s*ds (5.4)
= [ [ e s s A2

(5.5)

x Hey po(s)(bs)**dbds (5.6)

From equation (1.11)

Doplsnbz) = 27T a+ ) [ " (45" s (ys) / " ()= J_s(yb)

x ()P Jo_p(yz)y*dy

/0 " 2) ) p(y2) D (5,5, 2)2 4z = [2°FT 3o+ B)] () s (ys)
(5.7)
= (ap)
x / (W)~ sh)  (5.8)

Thus from above, we have

By, D)¢(y) = [2a_ﬂr<;a+ﬁ)]2 /Ooo(y) (@=B8) J_s(yz / / F1(b) fa(s

x Hy 56(5)(b8)** Dy p(s, b, 2)2**dzdbds

B [Qaﬁr(:’l)a +B))° /ooo(yz)_(a_ﬂ)J“ﬁ v /0‘” S1)

X /OO (f2Ho 50) (8)Da.p(s,b, 2)do(s)(bz)**dzdb
0

= [0 s 2) [ R0 (e 50)0)do(0)
0 0
- / (02)™ D Ju_s(y2) (it fa(Ha 58)) (2) 722 dz

0

An application of the inverse Hankel type transform yields

/0 (52)" @ o s(y2) By, D))y dy = (f1#2(Ha 50)) (2)
or in other words,

Ho 3 [B(y, D)o(y)] (2) = (fr#f2(Ha p0)) (2) (5.9)
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Thus we have

| s 1B D)ot (o) = [ (it ol p0) (Do)
Now by applying definition(1), inequality (1.15) we get
[Ha,p [B(y, D)ol , = [I(/i#f2(Hapd)lp,
1B DYoo . = 1 foHopl,,

Now from (5.6), using Hankel type inversion formula, we obtain

B(ya D)d)(y) = Ha,ﬁ (fl#f2Ha,5¢) (y)

By using (1.14) we get B(y, D)¢(y) = (Ha,pf1) (y) (Ha,pfoHa 50) (y)
Thus the proof is completed.

Theorem 5 (i) Let b(A\,t) = by(A\)ba(t) and f(b,s) = f1(b) f2(s), where by = A
and fo = B are assumed to be constants. Assume further that by(\) € Ly 1([)
and f1(b)Ly1. Then

1Az, D)B(a. D)o(@)llgs < NIl I11Is,., l1éllco
and

A(z, D)B(y, D)¢(z) = AB (Ha pb1) (z) (Ha,pf1) (2)().
Proof 6 By definition (4.1) and (2.1) we have

A(z, D)B(zx,D) = /O oo(xt)%a*ﬂwa_,g(xt) /O m(zx)*a*ﬁ)Ja_ﬁ(zx)bl(A)bg(t)dex

x (Ha,sB(y, D)g(y)) (t)t'*dt

Now using relation (1.11), we obtain

A(z, D)B(z, D) / / b1 (\ba(t) (Ha 5By, D)o(y)) (£)(M) " dAdt

/ (22)~ @ J_p(a2)

2 Br(3a+6)]
/ / (b2 () (fr# faHa 39)) (£)b1(X) Da,(t, A, 2) (¢X)**2** dAdtd 2

m/o (22)" P g xZ/ / bo(f1#f2Ha,p9)

1
——_p (M) et dN\did
oiT(Ea + ) M ’

-/ (@2 T (w2) / e (s (fr#t o 59)) V)1 (N)
0 0
1
* 2o-PT(B3a + B)]

B / oo(wzr(a—‘*)efa-s(m) [b1#ba (fr# foHa, p0)) (2)2%d2

0

X Da’g(t, A, Z)

Medhztedz
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Now an application of the inverse Hankel type transform yields,

/0 (22)~ @) Jo_g(x2) Az, D)B(z, D)p(z)a*dzx = [b1#tbo(f1# foHa 50)] (2)
Therefore

[HaopA(x, D)B(z, D)¢(2)] (2) = [1#A(f/1#BHa 50)] (2)

Thus
/0 " |Ha 5 A(x, D)B(, D)b(z)| (2)do(2) = AB / b1 # 1] # 1 Ha 6] (2)dor(2)

Hence,

|Ha,p Az, D)B(z, D)p(x)|ly, | = AB||[bs| # (|f1| # [HapoDll
< AB|ballp, , (L1l # [HopDl]

Now we can use definition (1.1), equations (1.7) and (1.15) to obtain
1Az D)B(a. D)o@l < ABlbill,, Ifills., 116las

Finally from we get

A(z, D)B(z, D)p(x) = Hap [01#b2([1#f2Ha,p¢)] (7)
= (Ha,pb1) () Ha,gba(f1# foHa,50)(2)
= (Ha,pb1) (2)Ha,p(b2f1)(2)Ha,p (f2Ha,p9) (x)
= AB (Ha pb1) () (Hopf1) (2)Ha,p (Ha po) (x)
= AB (Ha,pb1) () (Ha,pf1) (2)0(2).

This completes the proof.
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